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Hierarchical equations of motion (HEOM) provide exact dynamics of open quantum systems coupled
to harmonic baths, but their computational cost becomes prohibitive for systems with many inde-
pendent local environments. In this work, we develop a symmetry-adapted HEOM formalism to sig-
nificantly reduce the computational cost for the permutationally invariant Holstein-Tavis-Cummings
(HTC) model. The method removes redundant information in two stages. First, all auxiliary den-
sity operators (ADOs) related only by relabeling identical molecules and their bath channels are
replaced by a single canonical occupation-pattern representative. Second, molecules with the same
local hierarchy occupation produce repeated matrix elements within each representative, allowing
only the distinct complex variables to be propagated instead of the full (N + 1) x (N 4+ 1) ADO
matrices. The resulting matrix-free equations are evaluated using precomputed connections and
molecular multiplicities. At fixed hierarchy depth L and number of bath correlation exponentials
m, the number of canonical representatives becomes independent of the ensemble size for N > L
and the number of unique variables saturates for N > L + 2. The formulation easily extends to
multiple-exponential bath decompositions, arbitrary initial density operators, static disorders, and

cavity loss. Our benchmarks reproduce conventional HEOM dynamics while requiring far fewer
propagated variables and substantially less memory.

I. INTRODUCTION

Collective strong light-matter coupling hybridizes
molecular excitations with a confined photon mode to
form polaritonic states distributed across a molecular
ensemble. [I 2] The Holstein-Tavis-Cummings (HTC)
model provides a widely used microscopic description
of this setting: the cavity couples collectively to the
molecular transitions, whereas vibrational and environ-
mental fluctuations generally remain local to individual
molecules. These local environments drive relaxation, de-
phasing, and population exchange between bright, dark,
and photonic sectors, and their memory can be impor-
tant on the timescales of polariton dynamics [3H5]. Ac-
curately treating such non-Markovian dynamics therefore
requires a method that retains molecularly resolved envi-
ronmental fluctuations while remaining computationally
practical as the number of molecules increases.

Hierarchical equations of motion (HEOM) [6H9] pro-
vide a nonperturbative and systematically convergent de-
scription of harmonic environments once their correlation
functions are represented by finite sums of exponential
terms [7, [I0) [IT]. Their direct application to a molecular
ensemble, however, encounters a severe dimensional bot-
tleneck. For N molecules, m exponential terms per local
bath, and total hierarchy depth L, conventional HEOM
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contains

N L
NADO(N»maL)_< m;_ >

Auxiliary density operators (ADO) and a total of
Nvar(Nu m, L) = NADO(N, m, L)(N —+ 1)2

complex variables when every ADO is stored as a dense
matrix in the single excitation basis. For identical
molecules, much of this growth represents redundant in-
formation. Conventional HEOM separately retains every
molecular assignment of the same local hierarchy occu-
pations and stores many matrix elements that are re-
peated because the associated molecules are physically
interchangeable.

Several complementary developments have improved
the efficiency of HEOM, including scaled ADOs [12] 13],
filtering of negligible hierarchy elements [I4HI6], com-
pact bath correlation decompositions [I7, [18], parallel
propagation [I9-22], and low-rank or tensor representa-
tions [I0HI3] 17, 23H31]. Permutationally invariant for-
mulations have also reduced the computational cost of
quantum trajectories [32], while collective structure and
Hamiltonian sparsity have been exploited in polariton
simulations [33H37]. Mean-field dynamical approaches
have been employed to exactly evaluate observables such
as photon populations and linear spectra in the thermo-
dynamic limit (N — oo) [38-48]. However, these meth-
ods are not applicable for determining polariton or local-
ized populations, nor can they be reliably used for finite,
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small values of N. These approaches do not directly
remove the sources of redundancy present in molecule-
resolved HEOM. Reducing only the system Hilbert space
is insufficient because independent local environments
preserve molecule-specific bath histories and mediate dy-
namics between collective bright states and the molecu-
lar dark state sector. An efficient HEOM treatment must
therefore compress the hierarchy labels and the internal
ADO representation together.

In this work, we develop a two-stage symmetry-
adapted HEOM construction for identical HTC ensem-
bles. First, ADOs related by simultaneous relabeling of
molecules and their associated local hierarchy occupa-
tions are replaced by one canonical occupation-pattern
representative. Second, molecules carrying the same local
hierarchy occupation are grouped into occupation cate-
gories, and only the resulting unique matrix elements are
propagated. Canonical raising and lowering connections,
molecular multiplicities, grouped Hamiltonian sums, and
aligned target accessors are precomputed and assembled
into a matrix-free right-hand side, so neither full ADO
matrices nor a dense HEOM generator is constructed
during propagation. This procedure is an exact alge-
braic reduction of the same finite HEOM and introduces
no approximation beyond the chosen bath correlation de-
composition, hierarchy closure, system Hamiltonian, and
numerical integrator. At fixed m and L, the number of
canonical ADO representatives saturates for N > L, and
the fully compressed unique variable dimension saturates
for N > L + 2. This saturation concerns computational
dimension, not physical convergence with ensemble size.
The equations can retain an explicit dependence on N
through molecular multiplicities and through the single-
molecule coupling g, including calculations in which the
collective Rabi splitting is held fixed. The formalism can
be easily extended to systems beyond the HTC Hamil-
tonian as long as they have the permutation relabelling
symmetry of the different system subcomponents. The
method can also be easily adapted to account for static
inhomogeneous diagonal and off-diagonal coupling disor-
ders.

We validate the reduced propagation against conven-
tional QuTiP HEOM [11] 9] calculations for the acces-
sible small ensembles and use the existing calculations to
examine three classes of initial conditions: a permuta-
tion symmetric upper-polariton state, a localized molec-
ular excitation, and a coherent superposition of a cavity
photon and a localized molecular excitation. The ex-
tension to a multi-exponential bath correlation decom-
position and its numerical illustration are presented in
the Supporting Information. The present formulation
assumes identical molecular transition energies, identical
molecule-cavity couplings within each calculation, iden-
tical independent local baths, local diagonal system-bath
coupling, one cavity mode, two-level molecules, and the
single-excitation manifold. The inhomogeneous static
disorder and cavity loss are demonstrated and discussed
in the supplementary Information. Within these assump-

tions, the method provides a direct route to systemati-
cally convergent open system dynamics for ensemble sizes
that are inaccessible to dense conventional HEOM. Op-
tical response functions [33, B0, [5I], higher excitation
manifolds [5] [34], and ensembles of identical multichro-
mophoric units [50] are natural extensions of the same
compression strategy.

II. MODEL AND CONVENTIONAL HEOM
A. Identical Holstein-Tavis-Cummings Hamiltonian

We consider N identical two-level molecules coupled to
one cavity mode. We set i = 1, use the rotating-wave ap-
proximation, and restrict the Hilbert space to the single
excitation manifold. The ordered basis is

BN:{|C>’|61>7‘62>7'~'7|6N>}7 (2)

where |¢) contains one cavity photon and electronically
unexcited molecules, while |e;) contains an electronic ex-
citation on the i*® molecule and no cavity photon. The
Tavis-Cummings (TC) system Hamiltonian is

Ay = weale)lel +ex Y lesleid +9 ) (1e) el + lea)el).
i=1 i=1 (3)

Here, weay is the cavity frequency, €. is the molecular
transition energy entering the propagated system Hamil-
tonian, and g is the single-molecule light-matter coupling.
The normalized bright state is

;N
B) = —= D _lei). (4)
7N
The collective Rabi splitting on resonance is

Qg = 29VN. (5)

With A = weay — €x and tan(26) = Qg /A, the TC upper
and lower polariton eigenstates are,

|+) = sin|B) + cosb|c), (6a)

|—) = cosb|B) —sinb|c), (6b)

with 6 € [0, 7/2] being controlled by the cavity detuning.

The remaining polaritonic subspace is described by the
dark projector

N

Pp =7 les){eil - [B)(BI. (6¢)

i=1

B. Local environments and bath decomposition

Each molecule is coupled diagonally to an independent
harmonic environment. The total Hamiltonian is

I;[ZﬁS“FI:IB'FﬁSBa (7a)



(a) Standard HEOM (b)
=0
,'/ (0,0) \\ Symmetric

reduction of

ADOs

Symmetry adapted Unique variable
HEOM ©  HEOM
O )
5 @
: Unique [
variable —
reduction
> —_— I[1])

IR IR

O l C L .

m o o8

ane O O
(2,0) (1,1) 0,2)

L=2

FIG. 1.

B 110
)

4
.

2 1] UJ

A schematic representation of the symmetry adaptation of HEOM for the HTC system. (a) is the ADO structure for

the conventional HEOM hierarchy. (b) is the reduction of ADOs within different layers to representatives due to permutation
symmetry. (c) is the further reduction of the ADO representatives to their unique variables.

with the bath (Hg) and the system-bath (Hgg) interac-
tions defined via

N
ffB = Z Z wdA)Igi)ig,

(7b)
i=1 ¢
HSB _ZQ’L®BZ7 Qz |€i><€i|, (7C)
i=1
Bz = Zgig (l;;rg + 515) (7d)
3

For the harmonic environments introduced in Eq. [7D] the
local spectral density on the i*" molecule is

Ti(w) =7 |gie|*0(w — wie)- (8)

3

The local baths are mutually independent and statisti-
cally identical, ¢.e.,

Jl(w)

w) =1 |9e*3(w — we). )
13

The corresponding equilibrium bath correlation functions
satisfy

(Bi(t)B;(0)) = 6;;C(t). (10)

With the spectral density convention in Eq. [8] the local
bath correlation function is

1 [ Bw .
C(t) = ;/ dw J(w) [coth (7) cos(wt) — isin(wt)

’ (1)
where 3 = (kgT)~!. The correlation function entering
the finite HEOM is represented as

m—1

Cn(t) = cpe R (12a)
k=0
m—1

Co(t) = 3 fpe et (12b)
k=0

If the channel &’ satisfies vy = v}, then & = ¢},. For a
real, self-conjugate rate, ¢; = cj. This distinction is re-
quired when the correlation function contains conjugate
complex decay rates. The coefficients ¢ may be complex.
Eq.[I2]can be obtained from a Matsubara or Padé decom-
position or from a controlled numerical fit [4] [I7, 18] B51].

C. Conventional scaled HEOM

In the conventional HEOM, each auxiliary density op-
erator (ADQ) is labeled by a collection of nonnegative
integers,

n = (N1o,...,Nm—1;---;MN0s-- -, PN,m—1),  (13)



where n;; € Np is the hierarchy occupation associated
with molecule i € {1,..., N} and exponential component

k e€{0,...,m —1}. Its tier and damping rate are
N m—1
In| = Z Z Nk, (14a)
i=1 k=0
N m-—1
I'n = Z NikVk (14b)
i=1 k=0

The physical reduced density operator is the zeroth-tier
ADO, ps(t) = po(t). We use the scaled convention [I0}
12, [13]

—1/2
"k] P (15)

[T

i=1 k=0

Let e;; denote the hierarchy index that increases n;; by
one while leaving all other occupations unchanged. The
conventional scaled HEOM is [12],

(gt~ = ’L[ ASagni| - Fn;;n (16)
N m—1
'LZ \/m[Qupn-‘rezk}
i=1 k=0

3

N
—i)
i=1 k=

/n k A X Py A
: (CinPnfeik - ckpnfeikQZ) .

We retain labels with |n| < L. A hard cutoff omits up-
ward connections from tier L. There are Nm hierarchy
directions, so the number of ADOs through depth L is

Nm+ L
I .

[}

J\/ADo(N7m7L) = ( (17)

Since each ADO is a dense (N + 1) x (N + 1) matrix in

By, the number of propagated complex variables in the
conventional dense representation is

Nvar(Nvva) :NADO(Nvva)(N + 1)2' (18)

IIT. MOLECULAR-RELABELING
COVARIANCE

Consider a relabeling 7 that assigns the original molec-
ular label ¢ to the new label m(¢). The corresponding
operator satisfies

Uxle) = le), (19a)
Orles) = lenco). (19)
Uniform molecular energies and couplings imply
U.HsU} = Hs, (20a)
U-QiU} = Q) (20b)

Each molecule ¢ is associated with a complete local hier-
archy vector

n; = (N0, i1, -« Nim—1)5 (21)

where n;, is the occupation number of the k" expo-
nential term in the bath correlation decomposition for
molecule 7. A molecular relabeling must therefore move
the entire vector n;, rather than permuting its individual
components. If the permutation 7 sends molecule j to the
new label ¢ = 7(j), then the hierarchy vector assigned to
position i after relabeling is the vector that previously
belonged to molecule j = 771(i). Accordingly, we define

(T0)ix = Nr—1(3) ks (22)

for every exponential index k. Thus, the relabeling
changes only the molecular index and leaves the ordering
of the bath exponential components within each local hi-
erarchy vector unchanged. This rearrangement preserves
the tier and damping rate,

|mn| = |n|, Trn =T, (23)
and maps neighboring labels consistently according to
m(n £ e;) = ™n * e;(;),. Every term in Eq. trans—
forms in the same manner. For example, for an arbitrary
operator /1,

—i [ﬁs,UﬂAUJ] =0, (—i [ﬁS,A ) 71, (24a)
(Qriiy, Un ADT] = U2 |Qi, A] 0T, (241)

kQr(iy UrAUL — 6U AU Qi)
=0, (cinA - ékAQi) Ul (24¢)

Given any solution {En(t)}, define the relabelled hierar-
chy

~ A~ N

The identities above show that the primed hierarchy sat-
isfies the same HEOM generator as the original hierarchy,
but with correspondingly relabelled initial data. This is
molecular-relabeling covariance and generally relates two
different initial-value problems.

A relation between ADOs within one propagated hier-
archy requires the initial hierarchy itself to satisfy

prn(0) = Unpn (0)UL. (26)

Uniqueness of the finite linear initial-value problem then
gives

Pra(t) = Unpu ()T (27)

at every later time.



For a factorized preparation, all higher-tier ADOs ini-
tially (¢ = 0) vanish. Full compression therefore requires
the initial system operator to be invariant under every
retained molecular relabeling. If d molecules are distin-
guished by the initial operator, only relabelings that leave
those labels fixed are used, while the remaining N — d
molecules are compressed. A general noninvariant initial
operator may alternatively be reconstructed from rela-
belled representative propagations using linearity as dis-
cussed later in Sec. [VIL

Generator covariance requires identical mean molec-
ular energies, molecule-cavity couplings, local cou-
pling operators, bath decompositions, and a relabeling-
compatible hierarchy closure. A generic fixed realiza-
tion of energetic disorder is not invariant, whereas the
ensemble average over independent and identically dis-
tributed energetic shifts remains permutation covariant,
as shown in the Supporting Information. Molecular tran-
sition dipoles do not occur in the HEOM generator writ-
ten here and thus unequal dipoles may instead break
preparation or readout symmetry.

IV. FIRST REDUCTION: CANONICAL
AUXILIARY DENSITY OPERATORS

A. One exponential per local bath

We begin with the simplest bath decomposition, contain-
ing one exponential term per molecule, m = 1. In this
case, each molecule 4 carries a single nonnegative hierar-
chy occupation n;, and a molecule-resolved ADO is la-
beled by

n = (ng,ng,..

.,nN). (28)

The value of n; specifies the hierarchy occupation asso-
ciated with the local bath of molecule ¢, while the total
hierarchy tier is

N
[n| = an (29)

Because the molecules and their local baths are iden-
tical, simultaneously relabeling the molecules and their
hierarchy occupations does not produce an independent
dynamical object. Thus, two hierarchy labels that dif-
fer only in the ordering of their entries belong to the
same relabeling class. For example, the labels (2,1,0,0)
and (0,2,1,0) assign the same set of occupations to the
molecular ensemble, but attach them to different molecu-
lar labels. Their corresponding ADOs are related by the
molecular permutation described in Sec. [[Tl]and therefore
need not be propagated independently.

We select one representative from each such class by
arranging the nonzero occupations in descending order
and suppressing the trailing zeros. The resulting canon-
ical occupation pattern is

A:[A17A27"'7A7‘A]7 AIZAQZ"'ZATA>07 (30)

where r, is the number of molecules with nonzero hier-
archy occupation. The tier of the pattern is

Al = Aa. (31)
a=1

Thus, A records how the total hierarchy occupation is dis-
tributed among the occupied molecular baths, without
retaining the physically redundant assignment of those
occupations to particular molecular labels. Mathemati-
cally, the patterns A are integer partitions of the hierar-
chy tier, subject to the condition ry, < N.

For a system containing N molecules, the canonical
pattern is embedded into a molecule resolved hierarchy
label by appending the required number of zeros:

n® = (Ay,..., A, ,0,...,0). (32)
We retain the ADO associated with this representative
and denote it by

RA(t) = pua(t). (33)

All molecule-resolved ADOs whose hierarchy labels are
permutations of n® can be recovered from R, (t) by ap-
plying the corresponding molecular relabeling (Eq.|[19b]).

For example, the hierarchy labels

(2,1,0,0), (0,2,1,0), (1,0,0,2) — A =1[2,1] (34)
all reduce to the same canonical pattern. This pattern
states that one molecule carries hierarchy occupation 2,
another carries occupation 1, and all remaining molecules
carry occupation 0. It does not specify which molecular
labels carry the two nonzero occupations. The empty
pattern &, for which every molecule has zero hierarchy
occupation, represents the physical reduced density op-
erator:

N

Rg(t) = ps(t)- (35)

To describe a canonical pattern more conveniently, we in-
troduce the multiplicity Mé\ as the number of molecules
carrying hierarchy occupation ¢. For a nonzero occupa-
tion g, this number is

TA
MM=Y"0n,q0 a>0, (36)

a=1

where 5, 4 is the Kronecker delta. Thus, each occur-
rence of ¢ in the canonical pattern contributes one to
Mé\. Since 7, molecules have nonzero occupations, the
remaining N — r, molecules have zero occupation:

M =N —ry. (37)

The multiplicities satisfy two useful relations. First,
every molecule belongs to exactly one occupation cate-



gory. Second, the sum of all occupations gives the hier-
archy tier. Therefore,

L
> M} =N, (38a)
q=0
L
> qM} = Al (38b)
q=1

where L is the maximum retained hierarchy tier.

Although a canonical pattern does not specify which
molecule carries each occupation, it represents every
molecule-resolved hierarchy label obtained by assigning
these occupations to the N molecular labels. The num-
ber of distinct assignments is

Nowa(A; N) = LL' (39)

IR
q=0

The numerator counts all possible orderings of the N
occupations. However, exchanging two molecules that
carry the same occupation does not produce a new hier-
archy label. The factorial Mé\! removes these repeated
orderings for occupation q. This also applies to the zero
occupations, so the factor M{'! must be included in the
denominator.

For example, consider N = 4 and the canonical pat-
tern A = [2,1]. One molecule carries occupation 2, one
carries occupation 1, and the remaining two molecules
carry occupation 0. The corresponding multiplicities are

M}=1, MP=1, M}=2. (40)
The number of distinct molecule resolved hierarchy labels
represented by this pattern is therefore

4!
Nord([2, 1],4) = m =12. (41)
Thus, instead of independently propagating these twelve
relabeling-related ADOs, we retain only the single repre-
sentative Rjp 1)(t).

B. Canonical targets and aligned matrices

The equation of motion for an ADO at pattern A cou-
ples it to ADOs in the neighboring hierarchy tiers. These
neighboring ADOs are obtained by increasing or decreas-
ing the hierarchy occupation of one molecule. Let e; de-
note the N-component vector whose ith entry is one and
whose remaining entries are zero. Starting from the rep-
resentative label n?, raising the occupation of molecule
1 gives

m}, =n" +e;, (42)

whereas lowering its occupation gives

—e;, nt>0 (43)

- _ A
InA'_rl 7

Y3
We refer to mj{i and m), as raw target labels because
their entries remain attached to the original molecular
labels.

A raw target label is not necessarily in the descending
order used to store canonical representatives. We there-
fore apply the canonicalization operation C, which sorts
the positive occupations in descending order and removes
the trailing zeros. The canonical target patterns are

A} =C(my,), (44a)
A7 = (my). (410)

Only the representatives RA+ and RAf associated with

these canonical patterns are stored and propagated.

Canonicalization may change the assignment of occu-
pations to molecular labels. This distinction matters be-
cause the corresponding HEOM term contains the local
system operator Ql of the molecule whose occupation
was raised or lowered. Before using a stored target ADO
in that term, its molecular indices must therefore be re-
turned to the ordering of the raw target label.

For example, consider N = 4 and A = [2,
representative label

2], with

=(2,2,0,0). (45)

Lowering the occupation of molecule 1 produces the raw
target

m,, = (1,2,0,0). (46)
After sorting, the corresponding canonical target is

AT =12,1], n’ =(2,1,0,0). (47)

The stored target places occupation 2 on molecule 1 and
occupation 1 on molecule 2, whereas the raw target re-
quires the opposite assignment. Consequently, molecules
1 and 2 must be exchanged before this stored represen-
tative can be used in the lowering term associated with
molecule 1.

More generally, let i ; denote a molecular relabeling
that converts the stored canonical ordermg of Ai into
the molecular ordering of the raw target mi A The target
ADO expressed in the required raw ordering is then

] N N A

=U - R+UT, . (48)

Ai i T

R[“‘

We call this the aligned target matrix. It is obtained by
relabeling a stored representative and is not a separate
ADO that must be propagated.

Using these aligned targets, the equation of motion can
be written entirely in terms of canonical representatives.
For a hierarchy truncated at tier L, we define

Al < L

xo(A) = {; L (49)



This factor prevents raising operations from generat-
ing ADOs above the maximum retained tier. The one-
exponential canonical-ADO equation is

9 - Ta g -
Ry = —Z{Hs,RA} — |A|R, (50)

ot
al A Alm}
—in ()3t + 1) [QZ—, RM]
i=1 ’

N

S [T (o e,
22\ el A A;
nf>0

The first line contains the system evolution and the hier-
archy damping. The second line couples Ry to the next
higher tier by raising one molecular occupation. The fi-
nal two lines couple it to the next lower tier by lowering
a nonzero occupation. In every coupling term, the target
representative is first aligned with the molecular ordering
required by the corresponding local operator QAZ

Eq. is obtained directly from the conventional
HEOM using the permutation covariance relation in
Eq. 27 Canonicalization and alignment only identify
and reconstruct relabeling related ADOs. They intro-
duce no additional approximation relative to the conven-
tional HEOM with the same bath decomposition, hierar-
chy depth, and closure.

We next count the number of ADOs retained after this
first symmetry reduction. At tier ¢, every canonical pat-
tern is a descending list of positive integers whose sum is
£ and whose length does not exceed N. The number of
such patterns is the restricted integer partition number
pn (). Including all tiers from zero through L, the total
number of canonical representatives is

L

KBo(Nom=1,L) = pn(0). (51)
£=0

A pattern at tier £ can contain at most ¢ nonzero en-
tries because every nonzero occupation is at least one.
Since ¢ < L, no retained pattern can involve more than
L molecules with nonzero occupations. Therefore, once
N > L, increasing the number of molecules does not gen-
erate any additional canonical patterns. In this regime,
the restriction on the pattern length becomes irrelevant,
and

L

NIC\?DHO(Nvm = 17L) = Zp(g)a

£=0

N>L (52

where p({) is the unrestricted integer partition number.

Fig. [2 illustrates the first source of computational sav-
ings. The molecule resolved hierarchy of conventional
HEOM grows combinatorially with N, whereas canon-
icalization removes hierarchy labels that differ only by
relabeling identical molecules. At fixed L, no retained
pattern can contain more than L nonzero molecular oc-
cupations, so the number of canonical representatives be-
comes independent of N for N > L. This saturation
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FIG. 2. Number of ADOs retained through hierarchy depth
L for a one-exponential decomposition per local bath. The
curves labeled “normal” correspond to the molecule-resolved
hierarchy used by conventional HEOM, whereas those labeled
“sym” show the canonical ADO representatives obtained af-
ter molecular relabeling. The conventional hierarchy grows
rapidly with the ensemble size N, while the number of canon-
ical representatives saturates once N > L.

applies only to the number of ADO representatives. If
every canonical ADO is stored as a full (N +1) x (N+1)
matrix, its memory and propagation costs continue to
increase quadratically with N. The unique-variable re-
duction introduced below removes this remaining matrix
redundancy.

V. SECOND REDUCTION: UNIQUE
VARIABLES AND MATRIX-FREE
PROPAGATION

The first symmetry reduction replaces all relabeling-
related ADOs by a single canonical representative Rj.
However, each representative is still an (N 41) x (N +1)
matrix in the single excitation basis. Storing the full
matrix would therefore leave a computational cost that
grows quadratically with the number of molecules.

A second reduction is possible because many matrix
elements within a canonical representative are identical.
We first identify these repeated entries and count the
number of unique variables. We then derive equations
that propagate the unique variables directly, without re-
constructing the full ADO matrices.

A. Repeated matrix elements within a
representative

Consider two molecules ¢ and j that carry the same hi-
erarchy occupation in the representative label n’:
nd =nb. (53)

Exchanging these two molecules leaves the representative
hierarchy label unchanged. The permutation covariance



relation in Eq. [27] therefore gives

A - A A
Ry = UyRAUS,  nf =nd. (54)
Consequently, simultaneously exchanging the corre-

sponding molecular rows and columns cannot change the
ADO matrix.

This means that a matrix element does not depend
on the individual labels of the molecules involved. It de-
pends only on the hierarchy occupation categories carried
by its row and column. Molecules with the same occupa-
tion are therefore indistinguishable within the represen-
tative ADO. .

This symmetry does not imply that R, is Hermitian.
Although the physical reduced density operator is Her-
mitian, higher-tier ADOs are generally non-Hermitian.
The matrix elements associated with the two opposite
directions of a coherence must therefore be retained as
independent complex variables.

Let G denote the list of occupation categories present
in n®, including the zero-occupation category, and let

Gha = |Ga| (55)

be the number of such categories. For each g € Gy, we
define the cavity population variable

ZM = (c|Rale), (56)

the two cavity-molecule coherence variables

X3 = (eilBale), nit=q, (57a)

YqA = (C|RA\ei>, nd =gq, (57b)
and the molecular population variable

P;\ = <ei|RA\ei>, ni\ =q. (58)

Because every molecule in category ¢ is equivalent within
the representative, the definitions do not depend on
which particular molecule i is selected from that cate-
gory.

For two different occupation categories ¢ and r, we
define the ordered intermolecular coherence

Sé\yr = (e;|Rale;), nf\ =gq, nﬁ\ =r, qg#r. (59)
The ordering of the category indices matters because
higher-tier ADOs need not be Hermitian. In general,

SA.# S (60)

If category ¢ contains at least two molecules, we must also
retain the off-diagonal coherence between two different
molecules in that same category:

T} = (ei|Raley), i#34, n}=n}=q. (61)

q

The variable TqA exists only when the multiplicity satisfies

M > 2. (62)

q =

As an explicit example, consider N = 4 and the canonical
pattern A = [2,1]. Its representative molecule-resolved
label is

n21 =(2,1,0,0). (63)

The three occupation categories are therefore 2, 1, and
0. In the ordered basis

By = {|C>a|€1>,|€2>’|63>7‘64>}7 (64)

the representative has the structure

Z Y, i Yy Yo\

. Xo Po S21 Sa0 S2p0

R[2,11—> X1 5172 Pl SI,O 5170 . (65)
Xo So2 Son By To
Xo Soz2 Sop To Po/ g,

The superscript [2,1] is understood to apply to every
variable on the right-hand side. The full matrix contains
25 entries, but only 17 of them are distinct. For exam-
ple, molecules 3 and 4 both belong to the zero-occupation
category. Their cavity coherences are therefore both de-
scribed by Xy and Yy, their populations are both de-
scribed by Py, and their mutual coherences are described
by To.

The advantage becomes more pronounced as N in-
creases. For the same pattern A = [2,1] with N = 10,
the full matrix contains

(N+1)? =112 =121 (66)

entries. Nevertheless, the occupation categories remain
2, 1, and 0, so the number of unique variables remains
17.

B. Number of unique variables and saturation

We now count the unique variables associated with a gen-
eral canonical pattern. Let hp be the number of occupa-
tion categories containing at least two molecules:

ha= Y ©(M}-2), (67)

q€ga

where ©(x) equals one for + > 0 and zero otherwise.
Each such category contributes one variable of type TqA.
For a pattern containing G, occupation categories, the
unique variables consist of:

1. one cavity population variable Z%;

2. G p variables of each type Xé\, YqA, and P(;\;
3. GA(Gp — 1) ordered variables S2, with ¢ # r;

4. hy same-category coherences TqA.



The number of distinct complex variables in Ry is there-
fore

uvar(A;N, 1) =1+3Gp + GA(GA — 1) + hp
= (Gp +1)% 4 hy. (68)

Summing over all canonical patterns through hierarchy
depth L gives the total number of unique variables

N\‘rlarlqu(Nv 17L) = Z [(GA + 1)2 + hA] . (69)
[AISL
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FIG. 3. Number of propagated complex variables through
hierarchy depth L for a one-exponential decomposition per
local bath. Curves labeled “sym” correspond to storing every
entry of the full (N 4+ 1) x (N + 1) matrix associated with
each canonical ADQO; curves labeled “unq” show the dimen-
sion after retaining only the unique variables. The full-matrix
dimension continues to grow with N, whereas the unique-
variable dimension saturates for N > L + 2.

Fig. [3] demonstrates the additional reduction ob-
tained by propagating unique variables. Although the
canonical-ADO count has already saturated for N > L,
retaining full ADO matrices preserves an (N +1)? depen-
dence. The unique variable representation instead de-
pends only on the occupation categories present in each
canonical pattern and on whether a category contains one
or at least two molecules. For a fixed pattern, the depen-
dence on N enters only through the number of molecules
in the zero-occupation category,

My =N —ra. (70)

Once M{' > 2, adding another zero-occupation molecule
changes only the value of this multiplicity. It does not
introduce a new occupation category or a new type of
unique variable. Every pattern retained through depth
L satisfies

ra < L. (71)

Therefore, if N > L + 2, even a pattern containing the
maximum possible number L of nonzero occupations has

at least two molecules in the zero category. All canoni-
cal patterns have then reached their final list of unique
variable types. Consequently,

Nea! (N, L L) = NG (L+ 2,1, L), N = L+2. (72)

The first symmetry reduction makes the number of
canonical ADO representatives independent of N for
N > L. The second reduction goes further and it makes
the total number of propagated complex variables inde-
pendent of N for N > L 4 2. The saturated dimension
can still grow rapidly with the hierarchy depth L and
with the number of exponential terms in the bath corre-
lation decomposition.

C. Direct propagation of the unique variables

The unique variable representation becomes computa-
tionally useful only if its variables can be propagated
without reconstructing the full ADO matrices. We there-
fore rewrite the HEOM directly in terms of Z, X, Y, P,
S,and T.

There are two types of contributions to the derivative
of a unique variable. The system Hamiltonian couples
matrix elements within the same canonical representa-
tive. The hierarchy terms connect the representative to
canonical patterns in the neighboring hierarchy tiers. We
consider these two contributions separately.

1. Global vector of propagated variables

For every canonical pattern A, we collect its unique vari-
ables into a local vector |Ra(t)). This is a bookkeeping
vector rather than a quantum state. Its entries are the
unique variables belonging to A, placed in a fixed order.
The complete propagated vector is obtained by stacking
these local vectors according to a fixed ordering of the
canonical patterns:

R (t))

|Rpy(t))

1B () | (73)
|Rp1,1(t))

[R(1)) =

Thus, every entry of |R(t)) is identified by its canonical
pattern and its variable type within that pattern. Be-
cause the HEOM are linear, the evolution can be written
formally as

0 -
5 B() = Mu|R(1)). (74)
The generator M, is not constructed as a dense ma-

trix. Instead, its action is evaluated directly from pre-
computed connections between the unique variables. The



following derivation explains how these connections are
obtained.

2. Hamiltonian terms from grouped molecular sums

The cavity-molecule coupling in Hg generates sums over
molecular rows and columns. In a full matrix calculation,
these sums would contain one term for every molecule.
In the unique variable representation, all molecules in the
same occupation category contribute identical entries.
Their contributions can therefore be combined using the
multiplicities M.

Consider any molecule i belonging to category g. The
sum over the molecular columns of its row is

N
RY = Z<ei|RA|€j>, n =q. (75)

Jj=1

This sum contains the diagonal entry P;‘, the off-diagonal
entries connecting molecule i to other molecules in cate-
gory ¢, and the entries connecting it to molecules in every
different category. Grouping identical terms gives

Ry =PM+ (M} —1)TH+ > MPSE,. (76)

rEGA
T#q
Similarly, the sum over the molecular rows of column 7 is

N

Cé\ = Z(ej\RMe,;), nd =g, (77)
j=1

which becomes

Cr=PM+ (M} —1) TP+ > MASE,. (78)
rEGA
r#q
If Mé\ = 1, no second molecule exists in category gq,

and the term containing Té\ is absent. For the exam-
ple A = [2,1] with N = 4, the zero-category contains
two molecules. The row sum associated with a zero-
occupation molecule is

R[Q 1] P[z 1] T[z U 5[2 U S 2 1]. (79)
The term T(E2’1] accounts for the other molecule in the
zero-category. The two S wvariables account for the
molecules in categories 2 and 1.

For a larger system, many identical terms are absorbed
into the multiplicity factors. For example, if category r
contains one hundred molecules, its entire contribution
to Ré\ is evaluated as 1OOS£T rather than as a sum over
one hundred separately stored entries.

For the one-exponential hierarchy, the damping rate of
pattern A is

s = v|A]. (80)
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Using the grouped sums, the Hamiltonian and damping
contributions to two representative variables are

oz™ ,
Tor | = i D0 MY (XF - V) ~TaZh, (8la)
H+T qeEGA
oxp
g = —i(&x — Weav) X —ig (2% = RY) —Tax2.
H+T
(81b)

The first equation combines the identical contributions
of the Mé\ molecules belonging to category g. The sec-
ond replaces a sum over all molecular columns by the
grouped row sum Rf;. The remaining component equa-
tions are obtained in the same manner and are given in
the Supporting Information.

3. Hierarchy terms and aligned target access

The upward and downward hierarchy terms connect vari-
ables belonging to different canonical patterns. Chang-
ing the occupation of molecule ¢ produces the raw targets
mj\'i and m),; introduced in Eqs. and . Canonical-
izing these raw labels identifies the stored target patterns
Aj and A} .

The ordering of the molecules in a stored target rep-
resentative may differ from the ordering required by the
raw hierarchy term. Formally, the required target matrix
is obtained by aligning the stored representative:

R =0, R\ U, A =C(m). (82)
Explicitly constructing this matrix would restore the
(N + 1)? storage that the unique variable reduction is
intended to remove. Instead, we access only the indi-
vidual matrix entry required by a particular component
equation.

For a raw target m with canonical pattern A’, define
the aligned target accessor

AR (@,5) = (alREV),  Ja), |b) € By, (83)
The accessor first maps the row and column labels into
the canonical ordering of A’. Tt then determines whether
the requested entry is represented by a Z, X, Y, P, S,
or T variable and reads that variable directly from the
propagated vector. It does not construct the full target
matrix.

For targets generated from pattern A by changing the
occupation of molecule i, we use the shorter notation

M(a, b) = AA?: (CL, b) (84)
To derive the hierarchy contribution to a general unique
variable, write
Vit = (ag|Ralbg). (85)

[e3%



The index « identifies one of the retained Z, X, Y, P,
S, or T variables, while a? and bg specify its row and
column basis states.

The local system-bath coupling operator is AQAl =
le;){e;|]. For any matrix A, its commutator with @); sat-
isfies

(al[Qi, A][b) = da.c, (il AIb) — b, (al Ales).  (86)
This identity has a simple interpretation. The first term
is present only when the row of the propagated variable
corresponds to molecule i. The second term is present

only when its column corresponds to molecule 7. Using
Eq. [B6] the upward hierarchy contribution is

= — W)Yt + 1)l (87)

% [6ug e, AT (6008) = Dy 0 AL, (0, e0) |-

ovA
ot

up

The factor xr(A) prevents an upward connection when
|A| = L. For the downward contribution, we define

wi =4 —. (88)

Only molecules with nonzero hierarchy occupation can
be lowered. The downward contribution is

VA N

. A — (A

= —1 W; a0 Ay (e, 0%)
down i=1
n?>0

ot

N
+1 whe* Opa e A (ah,ei).  (89)
i=1
nt>0
The apparently large molecular sums in Egs. |[87]and
contain very few nonzero terms. Their action can be
understood by considering the type of the propagated
variable:

« For Z* = (¢c|Ry|c), neither the row nor the column
is a molecular excitation. Both Kronecker deltas
vanish, so there is no direct hierarchy contribution.

e For Xé\ = (es]Rpc), only the row delta is nonzero.
The hierarchy term therefore requires one aligned
target entry.

e For YqA = (c|Rple;), only the column delta is
nonzero. Again, only one aligned target entry is
required.

o For Pé\, Sé\,r’ orT ;\, both basis labels are molecular

excitations. At most one row contribution and one
column contribution can survive.

Thus, every unique variable requires at most two aligned
target accesses in each hierarchy direction. The sums
over N molecules are useful for writing the equations
compactly, but they are not evaluated as molecule-sized
loops during time propagation.
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4. Precomputed matriz-free right-hand side

Before propagation begins, every nonzero contribution to
the derivative of every unique variable is identified. For
each contribution, the precomputation records the source
variable, the target variable, the alignment required to
access it, its multiplicity, and its numerical coefficient.

The right-hand side evaluation then requires only three
operations: read the appropriate entries of the global vec-
tor, multiply them by their precomputed coefficients, and
add the results to the derivatives. The full ADO matri-
ces, molecular permutation matrices, and dense genera-
tor M, are never constructed.

After the saturation condition N > L + 2 is reached,
increasing N changes only multiplicity factors such as
Mé\. It does not enlarge the canonical-pattern list, the
unique variable vector, or the number of runtime connec-
tions. The storage requirement and the right-hand-side
(RHS) operation count therefore become independent of
the molecular ensemble size.

D. Physical observables

The physical reduced density operator is the zeroth-tier
representative,

ps(t) = Rg(t). (90)

For N > 2, the empty pattern contains only the zero-
occupation category, with

Mg = N. (91)

The complete physical density operator is therefore spec-
ified by only five unique variables:

z°, Xg, VS, RS TZ. ()

The trace, cavity population, and total molecular-

excitation population are

Tr[ps] = Z° + NP, (93a)
Peay = <C|ﬁs\0> = ZQ, (93b)
N
Pexe = »_(eilps|ei) = NPY. (93c)
i=1
The bright state population is
Py = (BIps[B) = P + (N — 1T, (93d)

The total population in the dark molecular subspace is

Pp=Tr [,aSPD} =(N-1)(PZ-TZ).  (93¢)



Using the mixing convention in Eq. |§|, the upper- and
lower-polariton populations are
P = (+|ps|+)
= 7 cos? 0 + Pgsin? 0
+ VNsin 6 cos 6 (X5 +YY),
P_ = (—|ps|-)
= 792 sin? 6 + Pg cos? 0
—V/Nsinfcosf (on + Yoz) .

(93f)

(93g)

All of these observables are evaluated directly from the
five unique variables of the physical representative. The
dense (N + 1) x (N + 1) reduced density matrix is never
reconstructed.

When the finite bath correlation decomposition con-
tains m > 1 exponential terms, each molecule carries
a local hierarchy vector a; = (ni,...,n;m—1) rather
than a scalar occupation. A molecular relabeling moves
this complete vector without changing the order of its
exponential channels, and canonical representatives are
formed from repeated local hierarchy vectors. The
same unique-variable construction, grouped Hamiltonian
sums, aligned target accessors, and matrix-free propaga-
tion therefore apply. At fixed m and L, the canonical-
pattern count still saturates for N > L, and the unique-
variable dimension saturates for N > L +2. The number
of retained patterns can nevertheless grow rapidly with
both m and L. The complete derivation, worked exam-
ple, and numerical illustration for a multi-exponential
decomposition are provided in the Supporting Informa-
tion.

VI. INITIAL CONDITIONS AND
DISTINGUISHED MOLECULES

The symmetry reduction used during propagation must
also be consistent with the initial hierarchy. We first
consider factorized system-bath initial conditions, then
discuss localized initial states that distinguish particular
molecules, and finally show how arbitrary initial density
operators can be treated using linearity.

A. Permutation-symmetric initial states

For a factorized initial system-bath state, the physical
zeroth-tier ADO contains the chosen system density op-
erator, while all higher-tier ADOs initially vanish:

(94a)

R (0) = ps(0),
=0, (94b)

RA(0) IA| > 0.

The vanishing higher-tier ADOs automatically satisfy ev-
ery molecular relabeling symmetry. The only remaining
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question is whether the initial physical density operator
is unchanged by molecular relabeling:

Uxps(0)US = ps(0). (95)

When this condition holds, the initial state can be rep-
resented directly using the fully compressed variables of
the empty pattern.

The cavity population, bright state population, and
polariton populations all satisfy Eq. 05 For example,
the initial cavity population

ps(0) = [e)(c| (96)
is represented by

Z°(0) =1, X£(0) = YZ(0) = P2(0) = T2 (0) = 0.
(97)
For an initial bright state population,

ps(0) = |B)(BJ, (98)

every molecular matrix element is equal.
sponding compressed variables are

PE0) =TE0) = 1

The corre-

2°(0) = X2 (0) = Y2 (0) = 0.

(99)
Using the polariton convention in Eq.[6] an initial upper-
polariton population is represented by

Z%(0) = cos? 6, (100a)
sin 6 cos 0
X(j)g(o) = YOQ(O) = T7 (100Db)
sin’ @
PEO) = T2 (0) = 5 (1000)

Similarly, an initial lower-polariton population is repre-
sented by

Z2(0) = sin” 0, (101a)
sin 6 cos 6
X5 (0) =Yy (0) = 5 (101b)
cos? @
Py (0) =Ty (0) = N (101c)

Thus, cavity, bright, and polariton initial populations
require only the five unique variables of the empty pat-
tern.

B. Localized initial states and distinguished
molecules

A localized molecular population,

ps(0) = [e1)({eal,

is not unchanged by a permutation that exchanges
molecule 1 with another molecule. Molecule 1 must

(102)



therefore remain explicitly identifiable during the propa-
gation.

The state is nevertheless unchanged by any relabeling
that leaves molecule 1 fixed and permutes only molecules
2 N:

PR

Onler)(er|0F = [ex)ea], 7(1)=1.  (103)
Consequently, only molecule 1 must be treated as dis-
tinguished. Its system row, system column, and local
hierarchy label remain explicit. The hierarchy labels of
molecules 2,...,N can still be sorted and compressed
exactly as before.

More generally, suppose an initial operator distin-
guishes d molecular labels. These d labels are kept ex-
plicit, while the remaining N — d molecules are treated
as equivalent and their local hierarchy labels are sorted
canonically. The effective size of the compressible molec-
ular ensemble is therefore

Nsym =N —d. (104)

The canonical-pattern count saturates when the com-

pressible part contains at least L molecules:

N—-d>L. (105)
The unique variable dimension saturates when it contains
at least L + 2 molecules:

N-—-d>L+2. (106)

Equivalently, the saturation conditions are
N>L+d — canonical pattern, (107a)
N>L+d+2 — unique variables. (107b)

For a single localized excitation, d = 1, and these condi-
tions become

N>L+1 —
N>L+3 —

(108a)
(108b)

canonical pattern,

unique variables.

A localized initial state therefore enlarges the compressed
representation relative to a fully permutation-symmetric
initial state. However, it does not restore the combina-
torial growth of the molecule-resolved hierarchy because
the remaining N — 1 molecules are still treated collec-
tively.

C. General initial density operators

The HEOM evolution is linear in the initial density oper-
ator. We denote the reduced dynamical map by G;, such
that

(109)
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For two initial operators A and B and complex coeffi-
cients a and b, linearity gives
G, [aA+bB} = aG,[A] + b6, [B). (110)

An arbitrary initial operator in the single excitation man-
ifold can be expanded as

ps(0) = pcc(O)l c){c]

+szc |61 C|+chz 61|

+Zp“ )ei) (el
+ ZPU Jei) (el (111)
1,9=1

i

The five terms of Eq. contain five distinct ordered
operator types: a cavity population, a molecule-cavity
coherence, a cavity-molecule coherence, a molecular pop-
ulation, and an ordered intermolecular coherence.
Molecular covariance of the dynamical map gives
G, [UWAU;} = UG, [A) U} (112)
Therefore, the response to any molecularly relabeled op-

erator can be obtained from the response to one rep-
resentative operator of the same type. For example, if

7(1) = i, then
G [ed) (el = On |lex)el |0 (113)
Similarly, if 7(1) = i and 7(2) = j, then
G [lea)tesl] = OxGullen)teal|OF, P25 (114)

It follows that the evolution of an arbitrary initial oper-
ator can be reconstructed from the representative prop-
agations summarized in Table [I}

If the reduced map preserves the adjoint operation,

G.[AT] = G[4],

the response to |c)(e1| can be obtained by taking the ad-
joint of the response to |e1){c|. In that case, only four in-
dependent representative propagations are required. For
bath decompositions containing complex decay rates vy,
Eq. must not be assumed automatically. It holds
only when the complex exponential channels occur in
the required conjugate pairs and the hierarchy truncation
and closure preserve the corresponding conjugation rela-
tion. Without these conditions, the two ordered cavity-
molecule coherences should be propagated separately.
The number of representative propagations needed to
describe an arbitrary initial operator is therefore inde-
pendent of N. However, if one explicitly requests every

(115)
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Representative Interpretation Distinguished labels Possible adjoint reduction
le) (| Cavity population 0 Not applicable
le1){c| Molecule-cavity coherence 1 Paired with |c){e1|
le)(e1] Cavity-molecule coherence 1 Paired with |e1){c|
le1)(e1] Localized molecular population 1 Not applicable
le1)(ez] Ordered intermolecular coherence 2 Its adjoint follows same relabeling

TABLE 1. Representative initial system operators required for linear reconstruction.

The number of distinguished labels

specifies how many molecular identities remain explicit during the corresponding propagation. The two ordered cavity-molecule
coherences can be related by an adjoint operation only when the bath decomposition, hierarchy truncation, and closure preserve

the required conjugation relation.

entry of the final dense density matrix, the reconstruc-
tion must produce (N + 1)? matrix elements and conse-
quently requires O(N?) output storage. This quadratic
cost belongs to the requested dense output itself, not to
the compressed HEOM propagation.

VII. RESULTS AND DISCUSSION

We use the numerical examples below to verify the
symmetry-adapted propagation and to illustrate how
the population dynamics change with molecular ensem-
ble size. For all the simulations presented below, the
molecule and cavity excitation energies are taken to be,
Weay = €x = 10000 cm ™! and the the Rabi splitting is
taken to be Qr = 500 cm~!. The single molecule light-
matter coupling changes with NV according to Eq.

_ O
2VN'

Consequently, the resonant UP and LP energies remain
unchanged as N varies, while the coupling of any indi-
vidual molecule to the cavity decreases as N~/2. For
the one-exponential decomposition per local bath, the
retained Drude-Lorentz contribution is generated from

g(N) (116)

2ApLypLW
JDL(OJ) o2 +7]%L s (117)
where App, is the reorganization energy and ~py, is the
bath decay rate. We use Apr, = 50cm ™!, ypp, = 18cm ™!,
and T = 300 K, for which kgT ~ 208 cm~!. The resid-
ual contribution from the omitted Matsubara terms is
treated with the Ishizaki-Tanimura terminator. [7] Un-
less stated otherwise, the symmetry adapted calculations
use hierarchy depth L = 25 and time step At = 0.5fs.
The N = 2 comparisons with the QuTiP [IT], [49] imple-
mentation of conventional HEOM use L = 15.

A. Single exponential bath

We now demonstrate the ability of the unique variable
reduced HEOM method to simulate large polaritonic sys-
tems. We choose the upper polariton (UP) state, defined

1.00 , , - 1.00 , , ,
(a) =UP (b) UP N
0.75 —LP {1 0.75 -5 =102
—10 —103
0.50 Dark | 050! 10 —10
25_1012
0.25} 0.25}
0.4 1.00
(c) LP
5 03 1 0.75}
©
8 2 : 0.50—/\
o
€ o1 0.25
(d) Dark
0.500 ‘ ‘ 1.000
(e) Cavity
0.375 1 0.875}
0.250 10.750
0.125 1 0.625
(f) Exciton
00 05 10 15 20 00 05 1.0 15 2.0
t (ps)

FIG. 4. Population dynamics for an initial upper-polariton
population with a one-exponential decomposition per local
bath. (a) Comparison between symmetry-adapted HEOM
and the QuTiP implementation of conventional HEOM for
N = 2. Colored curves show the symmetry-adapted calcu-
lation, and the overlaid black traces show the corresponding
conventional HEOM results for the UP, LP, and total dark
populations. (b) UP, (c) LP, (d) total dark, (e) cavity, and
(f) total exciton populations for N = 5, 10, 25, 10%, 10®, and
10'2, as identified by the legend.

in Eq. [Bh, as the initial state of the system. On reso-
nance, the initially populated upper polariton contains
equal cavity and bright molecular contributions,

1
) = 75 (1 +13).

In Fig. a), we compare the symmetry-adapted unique
variable calculation with conventional HEOM for N = 2
system. The UP, LP, and total dark state populations,
which are represented by the red, blue, and yellow curves
respectively, fully agree with the conventional HEOM
simulations of QuTiP, which are represented by the cor-
responding black curves in the figure. This agreement

(118)



confirms that the canonical-ADO and unique variable
reductions preserve the dynamics of the corresponding
finite HEOM calculation.

In Fig. [f{b)-(d) we present the UP, LP and the total
dark-state population dynamics by varying the NV at the
same Rabi splitting of Qg = 500 cm™!. For N = 5, rep-
resented by the red curves, there is an initial fast decay of
the UP state upto ~ 100 fs, which is accompanied by the
fast increase of the Dark state population. The LP pop-
ulations does not significantly increase at this stage. The
UP population then follows a slower decay, and we see a
slow increment in the dark state as well as the LP pop-
ulations. Around 700 fs, the Dark state starts decaying
slowly and transferring more population to the LP. For
N = 10, represented by the orange curves in the figure,
we see a similar behaviour of the UP, LP, and dark state
populations. The second decay of the UP population is
faster than in the N = 5 case and there is also an over-
all decrease in the amount of population transfer from
the dark to LP state. With increasing N value, the sec-
ond decay behaviour of the UP population slowly disap-
pears and for N = 100 (represented by the green curve),
there is no longer any visible second decay timescale. At
N = 100, there is still a small finite population transfer
to the LP state from the dark state. The dynamics for
N = 10% and N = 10'2, represented by light and dark
blue curves respective, have no visible difference in the
timescale considered and we can safely assume that for
these parameters, the system has reached the thermody-
namic limit, with the LP state only acquiring populations
transiently and coherently during the very early stages of
the dynamics (upto roughly 250 fs) and all the population
transfers to dark states. At this limit, the UP and dark
state populations represent a simple kinetic rate model
kind of population transfer. [52] (3].

In Fig. e)—(f), we present the population dynamics
for the cavity and total exciton states, respectively, when
the initial condition is the UP state and thus both the
cavity and the exciton have 0.5 population at t = 0 fs.
For N =5 case, we see an initial fast decay of the cavity
populations to the excitons up to 100 fs. After 100 fs,
the rate of transfer slows down, and around 700 fs, there
is a reversal of net population flow, causing the cavity
population to increase. For N = 10 and N = 25, we
see a similar behavior, but the overall magnitude of the
cavity population is reduced. At N = 100, we no longer
observe the revival behavior of the cavity population. At
N = 103, the system reached the thermodynamic limit,
and the behavior converges, with all population getting
transferred to the excitons. It is to be noted that even at
N = 10'2, the initial transient population dynamics still
shows coherent oscillations.
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B. Dynamics from a localized molecular excitation
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0.75 (a) Site-1 0.3 -5 =25 -10°
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FIG. 5. Population dynamics with unique variable HEOM
for the localized initial condition of Eq. Panels (a)-(c)
present the populations of the first site, cavity and the total
population of other sites, respectively, for different number
of molecules (N) coupled to cavity. Panels (d)-(f) present
the total dark populations, and the populations of the upper
and lower polariton states respectively, for different number
of molecules (N) coupled to cavity. In all the panels, the
different N = 5,10,25,10%,10%,10'? cases are represented by
solid line curves with red, orange, yellow, green, blue and dark
blue respectively.

We next consider the nonsymmetric initial condition

ps(0) = ler)(ea]- (119)

This propagation retains molecule 1 as a distinguished
label while compressing the remaining N — 1 molecules.

In Fig. [f[a)-(c), we present the site-1 (initially local-
ized excitation), cavity and total site (excluding site-1)
population dynamics for varying V. For N = 5 system
(the red curves in all panels), there is an initial fast decay
of the localized site-1 population which is accompanied
by initial coherent increase of populations in cavity and
other sites as can be seen in panels (b) and (c). After the
initial transient period, the populations reach a steady
state. The steady cavity population is approximately 0.2
~ 1/5. The N = 10 and N = 25 systems (represented
by the orange and yellow curves respectively in all pan-
els) show a similar saturation behaviour where the steady
state cavity populations show a 1/N behaviour. Unlike
N = 5 system, the N = 10 and N = 25 systems do
not show two seperate timescale behaviour in the decay
and with increase in N, the rate of decay of the site-
1 populations decrease. For N = 100, there is almost



no population in the cavity mode and almost all of the
population is redistributed to the other sites. For 103
molecules the rate of redistribution is much lower and
for N = 10'2, there is no visible transfer to other states
within the 2 ps time window and a localized excitations
stays localized without any redistribution.

On resonance, the localized state contains bright state
weight 1/N and dark state weight 1 — 1/N. The initial
TC-basis (Eq. @ populations are therefore

(120a)

Po(0) = 1— —.

= (120b)

The nonzero initial polariton populations arise from the
projection of |e;) onto the collective bright state. In
Fig. d)-(f) we present the TC-eigenbasis populations
which provide a complementary interpretation. For N =
5, Eq. [I204] gives an initial dark population of 0.8 and
initial UP and LP populations of 0.1 each. There is a
fast decay of the dark state population in the first 100 fs
to the LP and UP states which is followed by a slower
decay. The inital spike in the UP population is followed
by a decay back to the dark states. Most of the dark
state decay is to the LP state at later stage of dynamics.
With increaing N, the initial polariton participation de-
creases as 1/N, while the dark contribution approaches
unity. The subsequent changes in the UP and LP popu-
lations are therefore progressively reduced with increas-
ing N. At higher N values, the population gets trapped
in the dark subspace with no tranfers to the brigh po-
lariton manifold. Together, the site and TC-eigenbasis
representations demonstrate that distinguished molecule
propagation retains both the localized component and its
collective bright state contribution without restoring the
full molecule-resolved hierarchy.

C. Dynamics from a coherent cavity-site
superposition

The final single exponential example uses the coherent
nonsymmetric initial state

|Ws(0)) = V0.3 ]e1) +V0.7c), (121a)
ps(0) = [Ws(0))(¥s(0)]. (121b)
Its nonzero populations and coherences are
(e1|ps(0)]er) = 0.3, (122a)
{clps(0)|c) = 0.7, (122b)
(e1]ps(0)]e) = (clps(0)]er) = VO.21. (122¢)

In Fig. @(a)—(c) we present the site-1, cavity and total
site (excluding site-1) population dynamics for different
N values for the initial condition of Eq. For N =5,
represented by the red curve in all panels, there is an
initial fast decay of the site-1 and cavity populations to
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FIG. 6. Population dynamics for the cavity-site superposition
initial condition in Eq. Panels (a), (b), and (c) show
the population of molecule 1, the cavity population, and the
total population of the remaining molecular sites, respectively.
Panels (d), (e), and (f) show the total dark state manifold,
UP, and LP populations. Curves correspond to N = 5, 10,
25, 102, 103, and 10'2, as identified by the legend.

the other sites. After this intial transfer to the sites,
there is coherent exchange of populations between the
cavity and the sites, following which there is no further
transfer and the cavity population reaches a steady state
of approximately 0.2 (~ 1/5). For increasing N, we see
a similar initially coherent transfer from the cavity to
the other sites with the cavity steady state population
showing a 1/N behaviour. For the site-1, with increasing
N, the rate of decay of population slows down and at
N = 10'? we see that there is no transfer of population
from site-1 and that it reamins at its initial population of
0.3. The increase of the total population of the other sites
shows a similar behaviour as in the N = 5 case and with
increase in N, the increase of the other site populations
comes mostly from the cavity decay. At N = 10'2, all
of the cavity population is transferred to the other sites
and there is no exchange with the site-1 population.

Using the UP and LP convention in Eq.[6] the resonant
initial TC-eigenbasis populations are

Po(0) = 0.3 (1 - ;f) , (123a)
P.(0) = % (Wi gj’) : (123b)

The different initial UP, LP, and dark populations are
therefore fixed by the coherent cavity-bright projection
of the prepared state and vary explicitly with N.
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FIG. 7. Disorder-averaged population dynamics following initialization in the upper polariton of the mean resonant HTC
Hamiltonian in the presence of independent Gaussian static energetic disorder and identical local Drude-Lorentz environments.
Panels show the populations of the reference (a) upper polariton, (b) lower polariton, and (c) total dark manifold for N = 5,
10, 25, 102, 103, and 10'2. The reference states are defined by the disorder-free TC Hamiltonian.

In Fig. [6fd)-(f) we present the total dark state, UP
and LP population dynamics for different N values for
the initial condition of Eq. The initial values in
Eq. account for the ensemble-size dependent inter-
cepts in Fig. [6{d)-(f). For smaller ensembles, the local-
ized molecular component has a larger bright state pro-
jection, producing a stronger imbalance between the ini-
tial UP and LP populations. As IV increases, this molec-
ular bright component decreases, Pp(0) approaches 0.3,
and both polariton populations approach 0.35.

The polariton states in Fig. [6{d)-(f) show very similar
behavious as observed in Fig.[4l For small N values there
are two timescales of decay of the UP population: an
initial fast decay followed by a slower decay and with in-
crease in N, the second decay mechanism disappears and
we have an overall fast decay of UP state. The LP state
on the other hand, at small IV values, shows an increase
of population after its initial decrease. With increase of
N value, this behaviour disappears and at N = 103 the
population of LP only decays. The decay of UP and LP
states is accompanied by the increase of dark state popu-
lations and the amount of population transferred to dark
states increases with N with the total dark state popu-
lation becoming 1 at long times for N = 103, It is to be
noted that even at N = 10'2, unlike Fig. [4 the initial
population dynamics of polariton states show coherent
oscillations.

D. Static Energetic Disorder

We now present the polariton dynamics in presence of
diagonal inhomogeneous static disorder [29] [33] [38]. The
TC-system Hamiltonian in Eq. [3]is modified as,

N
Hg(8) = Hs + 25@'@1, Qi = lei)edl.

i=1

(124)

The exciton diagonal energies is sampled from an inho-
mogeneous gaussian distribution,

N 1 5e?
P(6) = ——— exp (— : ) .
©) };[1 V2ro? 202
Since the distribution is static and follows a gaussian

statistics, we can represent the diagonal disorder as a di-
agonal bath with a non-decaying correlation function

Cstatic(t) = 02 : €—0~t = 0'2 (126)

This adds an HEOM bath channel to every molecule with
the expansion coefficient 02 and decay rate of 0.

Fig. [7] shows the disorder-averaged dynamics follow-
ing initialization in the upper polariton (Eq. of
the mean resonant TC Hamiltonian (Eq. [3). We use
Weav = €x = 10000 cm ™!, Qg =100 cm™!, 0 = 25 em ™ 1.
The collective Rabi splitting is held fixed as N is varied
according to Eq. In addition to the static channel,
each molecule is coupled to an identical Drude-Lorentz
environment with Apr, = 50 cm™!, vpr, = 18 em™!,
T = 300 K for which kgT ~ 208 cm~!. We used the
multi-exponential formalism to represent the two chan-
nels (Drude-Lorentz and static disorder) where the total
hierarchy depth converged at L = 14 for the above pa-
rameters. The details of multi-exponential formalism of
symmetry-adapted HEOM and the static disorder is dis-
cussed in the Supplementary Information.

The static energy fluctuations mix the permutation-
symmetric bright state with the molecular dark manifold
in each realization. After disorder averaging, this appears
as rapid loss of bright-state coherence and growth of the
total dark population. The dynamical Drude-Lorentz en-
vironments act simultaneously and allow energy relax-
ation in addition to the inhomogeneous dephasing gener-
ated by the static channel.

For N = 5, the UP population decreases rapidly,
while the LP population develops a pronounced early-
time maximum and remains appreciable over the dis-
played interval. The LP curve also exhibits a weak late-
time upturn after its initial decrease. As NN increases,

(125)



N NADS MRS (GB) Nibo Noa! MU (GB) R-factor
5 1.43 x 10° 8.21 x 1072 2.60 x 10® 6.21 x 10* 9.94 x 107* 8.26 x 10!
10 1.84 x 108 3.55 x 10? 7.53 x 103 2.44 x 10° 3.91 x 1073 9.10 x 10*
25 1.26 x 10 1.37 x 10° 9.30 x 10° 3.07 x 10° 4.91 x 1073 2.79 x 101
102 1.30 x 10%¢ 2.12 x 10?2 9.30 x 10® 3.07 x 10° 491 x 1073 4.32 x 10*
10° 8.90 x 10%° 1.43 x 10%8 9.30 x 10® 3.07 x 10° 4.91 x 1073 2.91 x 10°°
1012 6.45 x 10%™ 1.03 x 10%°! 9.30 x 10® 3.07 x 10° 491 x 1073 2.10 x 1023
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TABLE II. Analytical hierarchy sizes and raw state-vector storage for one exponential term per molecular bath and total
hierarchy depth L = 25. The two storage columns count one copy of the corresponding complex-double state and are not mea-
surements of peak resident memory. The canonical-ADO and unique-variable columns refer to a fully permutation-symmetric

propagation. The reduction factor R is the ratio of naive ADO storage to unique-variable storage.

the remaining UP and LP populations are reduced and
a progressively larger fraction of the excitation accumu-
lates in the dark manifold. For the largest ensembles,
the dark population approaches unity within the plotted
time window, and the curves for N = 102 and N = 10'2
are nearly coincident. This agreement is a physical con-
vergence with ensemble size for the chosen parameters
and it is distinct from the earlier saturation of the com-
putational representation with V.

E. Comment on the computational resources
utilized

Table [[]| summarizes the analytical storage requirements
for the one-exponential bath calculations at hierarchy
depth L = 25. The molecular ensemble sizes are the
same as those used in the population dynamics figures.
In the single excitation basis By = {|c¢),|e1),...,|en)},
every conventional ADO is a dense (N + 1) x (N + 1)
complex matrix. For one exponential term per molecule,
the conventional hierarchy and its raw storage are

, N +25
s = (V2F) o)
MBS = 16(N + 1)? NAEE bytes, (127b)

where each complex double-precision number occupies 16
bytes. The unique-variable storage is

MU = 16 AU bytes. (128)

var var

The memory values in Table [[I] are reported in decimal
gigabytes, with 1 GB = 10° bytes. The reduction factor
reported below compares the complete number of com-
plex entries in the molecule-resolved hierarchy with the
number of propagated unique variables,

NN, 1,25)(N + 1) Mg
RN ==y 1, - e (129

The conventional hierarchy becomes impractical at re-
markably small ensemble sizes. At N = 10, storing
only one copy of all ADO matrices would already require
3.55x 102 GB, whereas the corresponding unique-variable

vector requires only 3.91 x 1072 GB, or 3.91MB. The
storage reduction at this ensemble size is 9.10 x 10%. At
N = 25, the conventional one-vector lower bound reaches
1.37 x 10° GB, while the unique-variable vector remains
only 4.91 MB, corresponding to a reduction by a factor
of 2.79 x 10*!. The conventional estimates for the larger
ensembles are astronomical and demonstrate that a di-
rect molecule-resolved HEOM calculation is not merely
expensive, but impossible on existing state-of-art compu-
tational hardware.

The two symmetry reductions remove different parts of
this growth. At L = 25, the canonical hierarchy contains
9296 ADO representatives for every N > 25, instead of
the rapidly increasing number of molecule-labeled ADOs.
If these representatives were retained as full matrices,
however, their storage would still grow as (N + 1)2. The
second reduction removes this remaining matrix redun-
dancy. The fully symmetric hierarchy contains exactly
306743 unique variables at N = 25, 306750 at N = 26,
and 306751 for every N > 27. Its raw state-vector stor-
age therefore saturates at only 4.91 MB, independent of
any further increase in the number of molecules. The
enormous calculation at N = 102 consequently uses the
same number of propagated variables as the calculation
at N = 27; only the multiplicity coefficients and the N-
dependent system parameters change.

The memory values in Table [[] deliberately do not in-
clude the work arrays required by the time integrator.
A conventional 4" Runge-Kutta implementation com-
monly retains the current state, four stage vectors, and
one or more temporary or output vectors. Its state-sized
working storage is therefore typically about six to seven
times the one-vector values reported in the table, al-
though the precise factor depends on the implementation
and can be reduced with a low-storage integrator.

Localized molecular excitation and cavity-site superpo-
sition dynamics each distinguish one molecule and there-
fore use the same partially symmetric hierarchy struc-
ture. At L = 25, the corresponding canonical-pattern
count saturates at 41391 for N > 26, and the unique-
variable count saturates at 1715600 for NV > 28. One
copy of this state vector occupies 27.45 MB. This is ap-
proximately 5.59 times the storage of the fully symmetric
vector, but it remains independent of N beyond the sat-



uration threshold and is still negligible compared with
the conventional hierarchy. The localized and cavity-site
superposition cases require identical structural memory
because both retain one distinguished molecular label;
their different populations and coherences alter only the
initialized variable values, not the propagated dimension.

VIII. CONCLUSIONS

We have developed a symmetry adapted HEOM formu-
lation for identical Holstein-Tavis-Cummings ensembles
with independent, identical local environments. The re-
duction proceeds in two stages. Molecularly relabeled
hierarchy elements are first represented by one canoni-
cal ADO occupation pattern. Repeated matrix elements
within each representative are then replaced by a com-
pact set of unique complex variables. These variables are
propagated directly using precomputed hierarchy connec-
tions and molecular multiplicities, without constructing
full ADO matrices or a dense HEOM generator.

The reduction is algebraically equivalent to the corre-
sponding finite conventional HEOM defined by the same
bath correlation decomposition, hierarchy depth, closure,
and system-bath model. Canonicalization and unique-
variable propagation introduce no additional dynami-
cal approximation. The numerical comparison presented
here shows that the reduced and conventional HEOM
population dynamics are indistinguishable on the plot-
ted scale.

For fixed hierarchy depth L and number of exponential
terms m, the number of canonical ADO representatives
becomes independent of ensemble size for N > L, and the
unique-variable dimension saturates for N > L+2. Fully
permutation-symmetric initial operators use the maxi-
mally compressed representation. Localized populations
and coherent nonsymmetric states are treated by retain-
ing the required molecular labels explicitly while con-
tinuing to compress the remaining equivalent molecules.
Linearity and molecular relabeling further permit gen-
eral initial system operators, under the assumed initial
bath preparation, to be reconstructed from a finite set of
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representative propagations.

The complete reduction requires identical molecu-
lar transition energies and cavity couplings, identical
independent local environments, and local diagonal
system-bath interactions. The present formulation is
also restricted to two level molecules, one cavity mode,
and the single excitation manifold. Moreover, although
the propagated dimension saturates with N, its value
can still grow rapidly with the number of bath correla-
tion exponentials and hierarchy depth. Extensions to
optical response functions, higher excitation manifolds,
and ensembles of identical multichromophoric units will
be considered separately in the forthcoming papers.
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